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Sparse LU factorisation includes three major phases: reordering, symbolic 
and numeric factorisation.

Three Phases of Sparse LU Factorisation
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The reordering phaseaims to permute the matrix A to 
reduce fill-in elements.

Reordering

Symbolic
The symbolic factorisationphaseidentifies the 
structures of the sparse factor matrices Land U.

Numeric
The numeric factorisationphasedetermines the value of 
Land U, which is generally the only stage processing a 
large amount of floating point operations. 

Three Phases of Sparse LU Factorisation
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The numeric phase spends most of the time, which motivates us to investigate 
a strategy for optimisingthe numeric phaseon heterogeneousGPU clusters.

Sparse direct solver: SuperLU9.1.0
CPU: AMD Ryzen 9 9950X(one core)

Time Breakdown of Sparse LU factorisation
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The numericfactorisation
phase spends most 
execution time, on average 
97%, and is almost the only 
phase that scales to a large 
amount of compute nodes.
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Task DependenciesRestrict Concurrency
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There are three task types (LU factorisation, triangular solve and Schur complement) in sparse 
LU factorisation. This figure shows the task dependency of factorisinga 6-by-6 blocked matrix.

FristlyΣ ǘŀǎƪ ΨмCΩ ǎǘŀǊǘǎΦ
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Single Task Is Too Small For a GPU
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Existing methods break the matrix into small blocks and generate small tasks.

Supernodal/ Multifrontal Methods:
The input of each task is generally
very small, typically on the order of
10on average.

SparseBlockingMethods:
The input of each task is generallybigger,
typicallyon the order of 512, with a sparsity
of approximately0.05on average.

The small scale of 
individual tasks limits 
the effective utilisation
of GPU parallelism.
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In the numeric factorisationstage, some tasks 
are mutually independent and they can be 
executed concurrently. 
We conduct a static analysis on the task DAGs 
from SuperLU and PanguLU, recording the 
parallelisabletask count.

Aggregate: to Prepare More Tasks for a GPU
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In the violin plots, the width at each 
vertical position indicates the count of 
occurrences for a specific batch size. 
The height of each violin indicates the 
maximum parallelisabletask count.

SuperLU

PanguLU



Aggregate: to Prepare More Tasks for a GPU

¢ŀƪƛƴƎ ǘƘŜ ƳŀǘǊƛȄ ΨGa41As41H72Ω ƘƛƎƘƭƛƎƘǘŜŘΣ 
the highest number of tasks can run in parallel 
are 1047and 199in SuperLU andPanguLU.
The observation brings the potential to run 
the tasks in a batch mode.

Prepare
adequate

 tasks

Obey 
dependency
constraints

Consider 
task

priority

Considerations

SuperLU

China University of Petroleum-Beijing PPoPP2026, Sydney, Australia Feb. 3, 2026 19

We will design the Aggregate stage with two modules 
called Prioritizer and Container in Trojan Horse.

PanguLU
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Batch: to Selectively Run the Tasks in Parallel

This figure shows the parallelisabletasks when factorisinga 6-by-6 sparse matrix, assuming 
a GPU can process two tasks in parallel. It leads to a requirement to batch diverse tasks. 
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Batch: to Selectively Run the Tasks in Parallel

Tasks ΨрCΩ (LU factorisation on block 5) and Ψу{0Ω (Schur update 
on block 8) are triggered by different diagonal blocks (blocks 1 
and 5) and can be batched, despite involving different kernels.

Tasks Ψф{0Ω (Schur update on block 9, triggered by the 0th diagonal block 1)and Ψф{1Ω (Schur update on block 8 , triggered by the 
1st diagonal block 5) can be batched. Both task compute Schur update on block 9. Batching them will bring write conflict, 
therefore needs atomic operations.

The Batch stage would receive
Å tasks on different blocks,
Å tasks of different types, and
Å tasks triggered by different diagonal blocks.
For different tasks in one batched execution,
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Å their inputs may be dense or sparse blocks, and

Å they may write the same block.

Tasks Ψо¢Ω (triangular solve on block 3, sparse) and Ψу¢Ω 
(triangular solve on block 8, dense) can be batched, despite 
one is sparse and the other is dense.

Å their kernel may be different,

Trojan Horse: to 
aggregateand batchsmall 
tasks for saturating GPUs.
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Overview
The Trojan Horse focuses on
(1) Scaling upthe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUs,andintegratingto distributedsolvers.

Two stages: 
ÅAggregate
ÅBatch 

Four functional modules:
ÅPrioritizer
ÅContainer
ÅCollector
ÅExecutor
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1 Aggregate + Batch
2 Input Tasks
3 Prioritizer, High/Low prio
4 Collector + red 
5 Container + green
6 Container -> Collector
7 Collector -> Executor
8 to other proc



Overview

Two stages: 
ÅAggregate
ÅBatch 

Four functional modules:
ÅPrioritizer
ÅContainer
ÅCollector
ÅExecutor

China University of Petroleum-Beijing PPoPP2026, Sydney, Australia Feb. 3, 2026 33

1 Aggregate + Batch
2 Input Tasks
3 Prioritizer, High/Low prio
4 Collector + red 
5 Container + green
6 Container -> Collector
7 Collector -> Executor
8 to other proc

The Trojan Horse focuses on
(1) Scaling upthe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUs,andintegratingto distributedsolvers.



Overview

Two stages: 
ÅAggregate
ÅBatch 

Four functional modules:
ÅPrioritizer
ÅContainer
ÅCollector
ÅExecutor

China University of Petroleum-Beijing PPoPP2026, Sydney, Australia Feb. 3, 2026 34

1 Aggregate + Batch
2 Input Tasks
3 Prioritizer, High/Low prio
4 Collector + red 
5 Container + green
6 Container -> Collector
7 Collector -> Executor
8 to other proc

The Trojan Horse focuses on
(1) Scaling upthe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUs,andintegratingto distributedsolvers.



Overview

Two stages: 
ÅAggregate
ÅBatch 

Four functional modules:
ÅPrioritizer
ÅContainer
ÅCollector
ÅExecutor

China University of Petroleum-Beijing PPoPP2026, Sydney, Australia Feb. 3, 2026 35

1 Aggregate + Batch
2 Input Tasks
3 Prioritizer, High/Low prio
4 Collector + red 
5 Container + green
6 Container -> Collector
7 Collector -> Executor
8 to other proc

The Trojan Horse focuses on
(1) Scaling upthe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUs,andintegratingto distributedsolvers.


