455 | B8

&/ R F ISR IS =
v ¥ Super Scientific Software Laboratory

W

PPoPP 2026

Trojan HorseAggregateand-Batch for
Scaling Uisparse Direct Solvers on GPU Cluste

Yida LiSiwei ZhangyiduoNiu, Yang DwQingxiaoSun, Zhou Jin, Weifeng Liu
Super Scientific Software Laborato85SLab
China University of PetrolewBeljing

Sydney, Australia
Feb. 3, 2026

China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 1



b

) BRRFRAXRE

Super Scientific S5oftware Laboratory

Outline

w Background

K  Sparse LU Factorisation

K Task Dependencidgestrict Concurrency

t Single Task Is Too Small For a GPU
w Motivations

K  Aggregate: to Prepare More Tasks for a GPU

K Batch: to Selectively Run the Tasks in Parallel
w Trojan Horse

K  Overview

K An Example to Use the Trojan Horse

t Functional Modules of the Trojan Horderiprtizer, Container, Collector & Executor)
w EXxperiments

K  Experimental Setup

K ScaleUp Evaluation

t ScaleOut Evaluation

A Comparison with CPU solvers
w Conclusion
China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 2




b

) BRRFRAXRE

Super Scientific S5oftware Laboratory

Outline

w Background

K  Sparse LU Factorisation

K Task Dependencidgestrict Concurrency

t Single Task Is Too Small For a GPU
w Motivations

K  Aggregate: to Prepare More Tasks for a GPU

K Batch: to Selectively Run the Tasks in Parallel
w Trojan Horse

K  Overview

K An Example to Use the Trojan Horse

t Functional Modules of the Trojan Horderiprtizer, Container, Collector & Executor)
w EXxperiments

K  Experimental Setup

K ScaleUp Evaluation

t ScaleOut Evaluation

A Comparison with CPU solvers
w Conclusion
China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 3




22| ab

, o/ BRI FIRAFEENE
T r Super Scientific Software Laboratory

. . Three Phases of Sparse Eattorisation

Sparse LU factorisation includes three major phases: reordering, symbolic
and numeric factorisation.

1 2 3 4 2 1 3 4 2 1 3 4 2 1 3 4
100 © 20 © (20 O |20 O
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(a) Input  (b) Reordered (c) Symbolic (d) Numeric

matrix matrix factorised factorised
matrix matrix

O@nonzeros Asymbolic fill-ins @A nonzeros in LOAnonzeros in U
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. . Three Phases of Sparse Eattorisation

Reordering

l

Symbolic

l

Numeric

b
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The reorderingphaseaims to permute the matridto
reduce filtin elements.

The symboli¢actorisationphaseidentifies the
structures of thesparsefactor matricesL and U.

The numeridactorisationphasedetermines the value of
Land U, which is generallthe only stagerocessing a
large amount of floating point operations
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" Time Breakdown of Sparse LU factorisatim Edleb

Lﬁﬂﬂm;qﬁ

The numeric phase spends most of the time, which motlvates us to investig
a strategy foroptimisingthe numeric phas®n heterogeneous$sPU clusters

g 1] Reordering Symbolic B Numeric
0/.

_8 100% henumerlcfactorlsatlon \
Ac‘u /5% phase spends most

o/ | execution time, on average
o o0 A’ 97% and is almost the only
ﬁ 25% phase that scales to a large
g 0(% _11\ (\ amount of compute nodesy

oo’bg Q‘a‘ ’&\) (\\Q O

I\/Iatrlces
Sparse direct solve8uperL19.1.0

CPU: AMD Ryzen 9 995@Xe core)
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There are three task types (lfactorisation triangular solve and Schur coﬁplement) IN spars
LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.

@LU Eactorisation @ Fristy Gl &1 Wwm

T  Triangular Solve

. 1 Task Dependencid?estrict Concurrency

'S) Schur Complement

O
1Q 2 | 3
4_1.5.1-6
Talabe | 2

/
Task Number Statics

LU factorisation x3
Triangular solve x6
Schur complement x5
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. 1 Task Dependencid?estrict Concurrency

There are three task types (lfactorisation triangular solve and Schur complement) in spars

LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.

@LU Eactorisation ’k Fristy Gl &1 Wwm

T Iriangular Solve ' Then, four triangular

2T 4T 3T 7T) solve tasks can be
executed, depending on

'S) Schur Complement

O UKS NbBadz a :
1Q 2 |3

4 |.5.|-6

[~ | a8a | a9

Task Count Statistics
LU factorisation x3
Triangular solve x6
Schur complement x5

N
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There are three task types (lfactorisation triangular solve and Schur coﬁplement) IN spars
LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.

@ LU Factorisation
T  Triangular Solve

'S) Schur Complement
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Task Count Statistics
LU factorisation x3
Triangular solve x6
Schur complement x5

-
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Then, four triangular
solve tasks can be
executed, depending on
0KS NBadzf G

After this, four Schur
complement tasks can
be executed, depending
on previous results.
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There are three task types (lfactorisation triangular solve and Schur corhplement) IN spars
LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.
@ LU Factorisation

. 1 Task Dependencid?estrict Concurrency
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The dependencies
e R between tasks are
Task Count Statistics complex in sparse LU

LU factorisation x3
Triangular solve x6
Schur complement x5

factorisation which
restricts concurrency.
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There are three task types (lfactorisation triangular solve and Schur corhplement) IN spars
LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.
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There are three task types (lfactorisation triangular solve and Schur corhplement) IN spars
LUfactorisation This figure shows the task dependencyamftorisinga 6-by-6 blocked matrix.
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. . Single Task Is Too Small For a GPU

Existing methods break the matrix into small blocks and generate smaII tasks.

oXX | | | | | | | |

B s B

- ..E 65 ﬂ 82 |6 The small scale of

***** ; x..lglo o & B i individual tasks limits
; ..Q_E_ I 1 L33llS ell el the effectiveutilisation

il 1 o [gsi8lasg) \ of GPU parallelism.

= ISR c

Supernodal/ Multifrontal Methods:  SparseBlockingMethods:

The input of eachtaskis generally The input of eachtask is generally bigger,
very small,typically on the order of  typicallyonthe order of 512, with a sparsity
10on average of approximately0.05 on average

China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 16



22| ob

) BERE RO TR E

Super Scientific S5oftware Laboratory

Outline

w Background

K  Sparse LU Factorisation

K Task Dependencidgestrict Concurrency

t Single Task Is Too Small For a GPU
w Motivations

K  Aggregate: to Prepare More Tasks for a GPU

K Batch: to Selectively Run the Tasks in Parallel
w Trojan Horse

K  Overview

K An Example to Use the Trojan Horse

t Functional Modules of the Trojan Horderiprtizer, Container, Collector & Executor)
w EXxperiments

K  Experimental Setup

K ScaleUp Evaluation

t ScaleOut Evaluation

A Comparison with CPU solvers
w Conclusion
China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 17




22| ab

o/ BRI FIRAFEENE
> Super Scientific Software Laboratory

. . Aggregate: to Prepare More Tasks for a

In the numeridactorisationstage sometasks 2509 SuperLU
are mutually independenand theycan be %gfzgg
executed concurrently 58
We conduct astatic analysien the task DAGs ~ §€ } i 1
from SuperLU and PanguLU, recording the 0
parallelisabldask count gt \Whudh ot eeridTsa aoe et
Matrices
250
/In the violin plots, thevidth at each PangulLU
vertical position indicates theount of
occurrencedor aspecific batch size g ‘ J[&
The height of each violin indicates the P k ‘
\ maximumparallelisablaask count. o“a(a V8 00 VRN e ger@ 5ot e

Matrices
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. . Aggregate: to Prepare More Tasks for a

¢l 1Ay 3 (GEIAMIHINIKE I ) 25005
the highest number of tasks can run in parallel 3 =2°%
are1047and 199in SuperLland PangulLU
The observation brings the potential to run
the tasks in @atch mode

~._SuperLU

Parallelisable
task count

4

4 Considerations A

Prepare Obey Consider
adequate dependency task |
tasks constraints priority 100~ Time Step (x10"3)
& ST

01\ a(a L\“ ud\ 29° ?\N\o’( “\p\k RCE am ge'\?’

We willdesign theAggregatestage withtwo module$ Matrices
calledPrioritizerand Containenn Trojan Horse
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. . Batch:to Selectively Run the Tasks in Parai

This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks

(@ LU Eactorisation

T Triangular Solve

'S) Schur Complement

Sparse Dense
@
1O 2 3
4 5 6
/7. .8 9

Task Number Statics
LU factorisation x3
Triangular solve x6
Schur complement x5
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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T  Triangular Solve From different blocks J
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks

r— . .
(\F/) LU Eactorisation

T) Triangular Solve From different blocks ]

S Schur Complement From different blocks
Invoke different kernels
Sparse Dense
From different blocks
® Invoke different kernels
) 1@ 2 3 Led by different diagonal blocks
4 85@ 6 From different blocks
= Hybrid dense and sparse
7 8 9  Led by different diagonal blocks |

Task Number Statics
LU factorisation x3
Triangular solve x6
Schur complement x5

China University of PetrolewBeijing PPoPR026, Sydney, Australia Feb. 3, 2026 25




22| ab

B X SEIN =

Super Scientific Software Laboratory

This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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This figure shows thparallelisabldasks wherfactorisinga 6-by-6 sparse matrix, assuming
a GPU can process two tasks in parallel. It leads to a requireméatd¢a diverse tasks
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The Batch stage would receive

From different blocks

A tasks of different typeq @ggregateandbatchsmal

Different kinds of Batches A tasks on different bloc[ Trojan Horseto IJ

) R tasks triggered by diff tasks for saturating GPUS.

From different blocks
Invoke different kernels

For different tasks in one batched execution,

A their kernel may be different,

Sparse D Dense
e O @

3

‘00 ‘@

0, 00L

‘co0 0@

0000 |

From different blocks
Invoke different kernels

Triggered by different diagonal blocks

Tasks¥ p (CUXactorisation on block 5) ard\yy({Schur update

on block 8) areriggered by different diagonal blockblocks 1

From different blocks
Hybrid dense and sparse

Triggered by different diagonal blocks

and 5) andcan be batchegddespite involvinglifferent kernels

A their inputs may be dense or sparse blocks, and

000000

To the same block (write conflict)
Hybrid dense and sparse

Tasks¥ o (trig@hgular solve on block 3, sparse) aAg ¢ Q

Triggered by different diagonal blocks (triangular solve on block 8, dense) can be batched, despi

&

I one is sparse and the other is dense.

A they may write the same block.

1st diagonal block 5) can be batched. Both task compute Schur update on block 9. Batching them willtbroagflict,
therefore needs atomioperations

Tasks¥ ¢f{Schur update on block 9, triggered by the Oth diagonal bloakd ) df{Schur update on block 8 , triggered byj
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., Overview

The Trojan Horse focuses on
(1) Scaling upghe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUsandintegratingto distributedsolvers

The Trojan Horse strategy in the process Pijj Two stages
, Aggregate Batch A Aggregate
/Block-cycli,c’\’ A Batch
process grid
Four functional modules

| |Pi A Prioritizer

~ 7 A Container
A Collector
— — A Executor

[OTask, high priority () Task, low priority ( )Task, priority not demded)
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., Overview

The Trojan Horse focuses on
(1) Scaling upghe execution efficiency of a single GPU in a cluster, and
(2) Scalingout to multiple GPUsandintegratingto distributedsolvers

Two stages
A Aggregate
A Batch

Four functional modules
A Prioritizer
A Container
A Collector
A Executor
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