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Good afternoon. It is a great honor to be here in Madrid today to present our recent work: Accelerating Large-scale Sparse LU Factorization for RF Circuit Simulation. I’m Guofeng Feng from Chinese Academy of Sciences. This work was carried out in collaboration with Super Scientific Software Laboratory of China University of Petroleum, Beijing.
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Here is the outline of the parts I’ll cover. First, I will introduce some background knowledge.
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Background: RF Circuit Simulation

* Radio Frequency Circuit:
* At the frequency around 20 kHz to 300 GHz

* A wide range of applications:
* Radio broadcasting

* Mobile phones

\
~

:
(7

o Satellite

Image source: Wikimedia Commons

e Circuit Simulation

* A vital step in circuit design

e Simulation before the expensive fabrication of circuits

* To matrices and factorization

* Solving a system of linear equations 3
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Radio frequency is the oscillation rate of the electromagnetic field or mechanical system in the frequency range from around 20 Kilohertz to around 300 GigaHertz. Circuits in this range of frequency have a wide range of applications, such as the radio broadcasting like the AM or FM radio, the mobile phones with wireless communications, the satellites and so on. 

Circuit simulation is an indispensable part of modern circuit design, allowing for validation, testing, or parameter tuning before the expensive fabrication of the electronic units.

And the circuit simulation are commonly transformed into a system of linear equations composed of various electrical variables. The coefficients of these equations can be represented by a matrix, and LU factorization is used to directly solve the system.
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Background: LU Factorization

e A=LU
a, a, a, a, [, 0O 0 O U, U, U, U,
aZl a’22 a23 a24 l 21 l 22 O O O uZZ u23 u24
a31 a’32 a33 a34 B l 31 l 32 l 33 0 O O u33 u34
a41 a42 a43 a44 l 41 l 42 l 43 l 44 O O O u44

LU factorization decomposes a matrix 4 as the product of a lower triangular matrix (L) and an upper
triangular matrix (U), which 1s key component of direct method solver (Gaussian Elimination)

4
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An LU factorization of a matrix transforms the given matrix A as the product of a lower triangular matrix L , and an upper triangular matrix U, generally the main diagonal of L are all ones. 
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Background: Sparse LU Factorization

* When A is sparse

* Require to improve computation and memory efficiency (3 phase: preprocessing, symbolic, numeric)

* Supernodal

* Grouping columns with similar non-zero structures to form a supernode, leveraging high-performance

dense linear algebra subprograms (BLAS)
[]

H . Tailing sub-matrix |_| H

N Diag block matrix —‘ ’— ’,
m— Kk -th iter%

W Factorization U panel

Il Factorization L panel
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When the input matrix is sparse, the sparse LU factorization can reduce unnecessary computation and storage, as the elements of the matrix A can include a lot of zeros. For this type of matrix A, the Sparse LU Factorization is often faster than the general one. 

Sparse LU factorization procedure can be typically divided into three steps: preprocessing, symbolic factorization, and numeric factorization. Preprocessing involves reordering the rows and columns of the original matrix to reduce the number of fill-ins, symbolic factorization determines the sparsity structure of L and U, and the numeric factorization calculates the values of their non-zeros.

Supernodal methods have been proposed and widely used to optimize Sparse LU factorization. As shown in the figure, the process involves grouping columns with similar non-zero structures to form a supernode, which is a denser data structure. Treating these columns as dense sub-matrices facilitates the computation, as dense basic linear algebra subprograms (BLAS) can be employed on them.
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Background: Sparse Solver

e Related work

» Large-scale simulation requires better leveraging the power of current distributed machines

(commonly equipped with heterogeneous accelerators)

Distributed

PARDISO X X
KLU X X
GLU X V

NICSLU X v
MUMPS v X
SuperLU_DIST V v
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Many sparse solvers have implemented Sparse LU factorization. For the  large-scale matrices in real-world applications, we aim to fully leverage the performance of modern distributed computing clusters and heterogeneous accelerators to enhance the efficiency of the factorization process.

As shown in the Table:
PARDISO is developed with using Level-3 BLAS to exploit parallelism, KLU is a sparse solver for circuit simulation, however, they are implemented on a single CPU. 
GLU and NICSLU are sparse direct solvers leveraging the power of a single GPU.
MUMPS is a distributed solver using a combination parallelism of MPI and OpenMP on CPU clusters. 
The SuperLU_DIST is an continuously updated solver on distributed GPU systems, and we choose it as our baseline. 
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Now I’ll show the motivation behind our work.
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Motivation: Performance Bottleneck

* Hot Spot: Memory-bound Operations
* The compute-bound operations (GEMM) are widely optimized and reaching the performance ceiling

= Compute-bound operations ® Memory-bound operations

100%
90%
80%
70%
60%
50%
40%
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CPU_BASE GPU_ACC | CPU_BASE GPU_ACC
RF 1 fem_filter
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RFdevice

fem_hifreq_circuit
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We test some radio frequency matrices on CPU and GPUs. We find that memory-bound operations take the most proportion of the Sparse
LU factorization time on them, especially with GPU accelerators. 

Many prior works focus on accelerating the compute-bound operations.
 However, as shown in the Figure, the memory-bound operations dominate the computation time, around 57%-96%, constraining the applicability of prior works. Furthermore, new hardware (e.g., many-core CPUs, GPUs, and various accelerators) poses significant acceleration on GEMM, nearly reaching the performance ceiling. 

This underscores the significance of accelerating memory-bound
operations as a key strategy to enhance the efficiency of LU factorization on RF circuit simulation
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Motivation: Application Features

* Application Features

* RF circuit matrices are composed of structured dense blocks even after the preprocessing

* The pattern of structured dense blocks can be exploited to alleviate the memory bound

(a) RF_1 (row (col) = 5,809,680, nnz (b) RF_2 (row (col) = 418,718, nnz
= 194,348,610) = 921,708,586)
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And the pattern of structured dense blocks can be exploited to alleviate the memory bound problems. RF circuit matrices are composed of structured dense blocks even after the preprocessing (such as the reordering). 

The high density in L blocks and U blocks indicates the opportunity to perform the memory-bound operations at the coarse-grained dense blocks instead of the non-zeros. 
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Based on our observations and motivations, we introduce a new storage format and the consequent customized operations tailored for this special pattern of RF circuit matrices.



* Reorganize non-zeros:

Design: Blocked Format

(a) Before o,y & Padding

12345

(b) Before

(c) Before

i — indirect[i] i — indirect[i] offset
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row update
with indirect access (C) Before

for r « 0 to rows do
| dest[indirect|r]| = dest[indirect[r]] — sre[r];

end
\

\_ PO
S

(b) After

LIV
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Direct Ref

L

block update (C) After
with direct access
for b € blocks do
destof fset = dest + b.of fset;
for r « b.start to b.end do
| dest_of fset[r] = dest.of fset[r] — srelr];
end
lend

Copy-avoiding Gather

Blocked format for L & U

. U panel
. L and diagonal panel

Pointers to L and U panels
are directly reference

= Copy and pad L|U panels before gemm
/ Scatter V according to the index table

(a) Data formats of L and U panels
and Schur complement gather

(b) U panel factorization

(C) Schur complement scatter
updates the tail matrix

Legend
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Based on the above performance bottleneck analysis, we first introduce a novel blocked format for L and U factors to exploit the pattern of structured dense blocks of RF circuit simulation matrices. 

Based on this blocked format, we further re-design the sparse LU factorization to reduce the memory footprint and minimize the data movement. As a result, the memory-bound operations are optimized and the compute-bound operations become faster as a side effect, which collaboratively accelerates the sparse LU factorization. 

I will show more details.
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Design: Blocked Format

* Reorganize nonzeros:

* RF matrices exhibit a block-sparse structure, it 1s feasible to eliminate redundant zero values along
with the corresponding redundant computations introduced by zero padding.

* Subsequent operations can benefit from the continuous storage and improved locality

row update
— (¢) Before (c) After with indirect access (c) Before
(a) BEfore i i V!:—falt:’r:;lu;¥t1:‘2 est[indirect|r] —srr'r‘
Copy & Pa(:dzu;% X (b) Before L, p i — indirect]i] 1 — indirect[l] offset] (e it e T E

T | o o L
| o tmwey g [ ©After

b After 2 — 3 2 J— 3 1 for b € blocks do
//'/'fr ® Lk - 3 — 1 3 > 4 et e
TRSM | shost wi fackt = dest ot foukir] ~ i
0 1 27 A ... ::5 =q=e EALIITLTY
o= - End

: Direct Rei'(a) After
0 . U panel
2 U I - L and diagonal panel

Pointers to L and U panels

are directly reference

Tpa. | | Direct Ref ———
Tl ——  Copy and pad L|U panels before gemm
¥ / Seatter V according to the index table

Data formats of L and U panels

- (8) and Schur complement gather

L (b) U panel factorization
6
© Schur complement scatter
updates the tail matrix

Copy-avoiding Gather Blocked format for L & U Scatter Legend
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In general, the sparse matrix A stored with supernodal representation is distributed in a two-dimensional block-cyclic manner. Therefore, each MPI process in the MPI grid holds its part of matrix A, consisting of corresponding L and U factors. 

In the new data format, the L and U factors are reorganized from discrete vectors (or small matrices) to continuous blocks, forming a dense L block and a dense U block. 

Therefore, the L and U factors can be directly indexed with the row and column number, respectively. Given that the RF matrices exhibit a block-sparse structure, it is feasible to eliminate redundant zero values along with the corresponding redundant computations introduced by zero padding. 

Consequent operations can also benefit from the continuous storage and improved data locality of L and U blocks.
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Design: Optimized Operations

* Redesign critical operations based on our blocked format

row update
(c) Before (c) After with indirect access (C) Before

for r + 0 to rows do
| dest[indirect|r]| = dest[indirect[r]] — sre[r];

() Befor¢Copy & Padding (b) Before

2345 Lk,k i = indirect][i] i — indirect[i] offset{lena
v | L
L d block update After
/’ 1 — 2 mrorcer 1 with direct access (C) ¢
for b € blocks do
/ (b) Aftel‘ L 2 - 3 1 dest_of fset = dest + b.of f set;
;, //"'/"/‘I r k,k 3 — 1 1 for r + b.start to b.end do
TRSM | dest_of fset[r] = dest.of fset[r] — srelr];
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Based on the blocked format, we redesign the critical operations including Gathering non-zeros, the solving triangular matrix equations in panel factorization, and the scatter non-zeros in SchurUpdate after the GEMM finished.
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Design: Optimized Operations

* Redesign critical operations based on our blocked format

Gather:

« we record the beginning and the offset of the L and U matrices in our block format to access the data by the

pointer dereferences instead of copy and padding.

Scatter

Panel Factorization

row update
(c) Before (c) After with indirect access (¢) Before
(a) Befor ‘ ; SRR ‘
Sl Paddmgq (b) Before Lz 3 i - indireet]i] i > indirect[i] offset] land el
1234335
TRSV 0 > 4 g 4
1 — 2 Lreordetiy 5 9l :'i‘:;"d‘i‘r"" s (c) After
(b) After | 2 = 3 B | | S ot e
el LA 3= s P TR
TRSM ad y
_______ e, TS 0 2 4 6 end
Direct Ref " (a) After
0 B Upanel
U [ Land diagonal panci
I . Pointers to Land U panels
e Zi — —  Copy f
‘ T > I I o aecondbegto the Wnge able
=t I 4
[ O O =
L J s
Copy-avoiding Gather | Blocked format for L & U Scatter

Legend
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In the Schur complement phase, a general operation Gather is to aggregate the L and U sub-matrices to form larger operands, which increases the computational intensity to leverage the high-performance GEMM routines to get the matrix V. 

As the RF matrix in our case shows a structured block-sparse pattern, we can avoid explicitly gathering operation of copy and padding to form a dense block of L and U factors. 

As shown in Figure(a) before and after, we record the beginning and the offset of the L and U matrices to access the data by the pointer dereferences instead of copy and padding.
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Design: Optimized Operations

* Redesign critical operations based on our blocked format

o Scatter:

We construct a continuous index table and i1t can be used in the traverse of V block columns.

*  We keep the matched location utilizing the ordering.

*  We record the dense block information (address, number, offset, etc.).

. . - update (¢) Before
° 1 . (c) Before (c) After th indirect access

Pane FaCtorlzatlon () BeforeCopv & Padding o Eettdiratb] = daslindirecti] rr[,“

v La3as (b) Before Lk,k i = indirect]i] i = indirect[i] offset| end §

TRSV 0 — 4 = d
1] — 2 Lwedeng 5 o]
(b) After 2 — 3 2 — 31 TR
Lk’k 3= 1 3 = 41 {53y a‘vs!.of]ac('l‘rfh-;:::!ti‘,;f.wt[r]fsrr'r]‘
TRSM | end g 5
0 4 6 lend
Dlrect Ref ---- (a) After
0 B Upanel
U I:‘ L and diagonal pancl
i A /?ﬁ.’“ ... Pointers to L and U panels

e s N are directly reference
2 y e e M ,% 'j — Co p llp dL\Lp | h r e gemm
" T : / Sca index table

e L *%\ | 1 ety
2 2 IL [ N T Ry (b) U panel
. L ‘ - HZ y
§ ) Sehur complement satier

| [T 0 ( el mats

Copy-avoiding Gather | Blocked format for L & U Scatter Legend
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Once the GEMM is finished on the aggregated L and U matrices, we get an intermediate matrix V and the Scatter phase finds the corresponding sub-blocks and updates them. 

Scatter generally consists of 3 steps demonstrated in Figure (c): 
search for the blocks to update; 
2) map the rows and columns of the blocks, since the
destination blocks might have more non-zero rows and columns
3) update the non-zero elements.

The Scatter phase is along with poor data locality. The location information including global block index, num of rows/nnzs, subscripts are stored continuously for each block of SuperLU_DIST. The search is a pairwise comparison with an irregular access pattern as all the access needs a step-by-step offset. 
The column/row mapping also involves poor memory access behavior as indirect addressing is required to find non-zeros to update.


We improve memory access locality through auxiliary data structures to re-organize the data. For the search step, we construct a continuous index table and it can be used in the traverse of V block columns. Moreover, we keep the matched location utilizing the ordering and the symmetry. 
As for the indirect table, we leverage the block-sparse pattern of RF matrices. Matrix V consists of dense blocks and we traverse the indirect table before update to record the dense block information (address, number, offset, etc.). And then we can find the non-zeros through the block information instead of looking at the indirect table each time.
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Design: Optimized Operations

* Redesign critical operations based on our blocked format

* Panel Factorization:
* Replacing a series of TRSV kernels with single TRSM kernel, as U factors stored in blocks

* Data reuse of the input L blocks, more computation intensity, and more parallelism in data level.

. (¢) Before (c) After it indiect acecss () Before
B f y z for r + 0 to rows do :
(a) ¢ OFECUPy & Pat:dzl;lg s (b) Before Lk,k: W i = indirect[i] i = indirect[i] offset _emiM s s it Wr[r“
Algorithm 2 TRSM kernel (when m = 1, TRSV kernel). TRSV 0 — 4 0o — 1l \
- - . | — 2 Lwmordeg o ol (c) After
Input: [: dense lower triangular matrix of column major (b) After : . 2 — 3 2 - 3l i <o T
Input: b: multiple right-hand vectors (when m = 1, a dense vector) /‘ 3 = 1 3 — 4 | ’ .: £ Srs S bond d” _
1: fork=0ton—1 do (R e e — o 4 p Ues
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R e
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With the U factors stored in blocks, we can improve the efficiency of U panel factorization by replacing a series of TRSV kernels with a single TRSM kernel. 

As shown in Algorithm, compared to TRSV with a single right-hand side (m = 1), TRSM has multiple right-hand sides (m > 1), therefore it has better data-level parallelism. In other words, the TRSM can be regarded as applying TRSV m times to the same input matrix. This optimization can significantly accelerate the U panel factorization due to data reuse of the input L blocks, more computation intensity, and more parallelism in data level.
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Design: Better Pipeline

rank K ; K+1 Before
[ ] [ ] Y
* Mitigate data dependency stall o L] 1 E =<
We optimize local tati L2 R |
. e optimize local computation
P P , =11 ol |
e Data Structure 3 U Af i | |
* Operations (Gather, Scatter, TRSM) l
rank K . K+1 After
* Decrease inter- iti ’ N
process waiting PN
1
e PI1 waits for the L factors of PO x) /‘I )
2 |
e P2 waits for the U factors of PO s O ) . )
|
 P3 waits for the U factors of P2 and .
L factors of P1 B P ecacn 07 s s 50 T
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During the massive parallelization of sparse LU factorization, there are data dependencies across the different MPI processes.
As shown in Figure, when performing the k-th panel factorization, the
process whose rank is 0 performs the L panel factorization, U panel factorization, and Schur complement update. P1 waits for  the outputs of the L panel factorization from P0, and then starts its U panel factorization. P2 waits for the outputs of the U panel factorization from P0, and then starts its Schur complement update. P3 waits for the output of the L panel factorization from P2 and outputs of the U panel factorization from P1, to start the Schur complement update. 

After finishing the k-th panel factorization, the k+1-th panel is started. 

We can find that all MPI processes have considerable waiting time caused by inter-process data dependencies. Therefore, by increasing the computational efficiency of the L/U panel factorization, both the computation itself and the inter-process waiting can be improved. 

In our implementation, we optimize the local sparse LU factorization as mentioned before. 
But from the aspect of a single MPI process, the computation time and inter-process waiting time before the Schur complement update operations are reduced, achieving an overall speedup beyond the speedup of the local factorization itself. 

Therefore, although we focus on the intra-process memory footprint computation improvement and leave the inter-process communication to SuperLU DIST, the communication efficiency is still improved due to a better execution pipeline.
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Evaluation: Setup

 Platform:

CPU GPU (NVIDIA)

1 AMD ES5-2640v4 (20 cores, 2.40GHz, 25MiB LLC) V100X4 (16GB HBM2, Volta)
2 Intel Platinum 8375C (32 cores, 2.90GHz, 54MiB LLC) A100X4 (80GB HBM?2e, Ampere)
3 Intel Gold 6326 (16 cores, 2.90GHz, 24MiB LLC) 3090 X4 (24GB GDDR6X, Ampere)

e Dataset:

Matrix row z__

RF 1 5810K 194M
RF 2 419K 922M
fem filter 74K 2M
fem_hifreq circuit 491K 20M
Rfdevice 74K 0.4M
light in tissue 30K 0.4M

19
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We run all the experiments on three platforms, and the detailed configurations of these platforms are listed in Table 1.

We use 2 matrices directly derived from RF circuit simulation applications and 4 matrices downloaded from the SuiteSparse Matrix Collection shown in Table 2.
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Evaluation: Performance

 Overall Performance

B Platform 1 Platform 2 Platform 3

= 1.37

£ 1.29

) § 1.18

E 1.12 Loo 112 1.13 § 1.101.10
S X \ 1.081.08 1.06

S \

//A .

% :

N

RF 2 fem_filter fem_hifreq_circuit RFdevice light in_tissue

S
z
7 =
)
o
z

.

1.00

Matrices

Achieve up to 1.37X (avg 1.15X), 1.19X (avg 1.08 X), and 1.29X (avg 1.16 X)) overall speedup on 3 platforms
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Generally, we achieve up to 1.37×, 1.19×, and 1.29× overall speedup on the three platforms with an average of 1.15×, 1.08×, and 1.16×, respectively. 

As shown in the Figure, our method works on all of the RF matrices by tackling the memory access challenges. We observe that the acceleration is more significant on Platform 1 and Platform 3, as the larger last level cache on Platform 2 may conceal the poor data locality of the baseline to a certain extent.
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Evaluation: Breakdown

* Detailed performance in each phase of numeric factorization

. Platform 1 ‘ U Panel Factorization (s) ‘ Gather (s) ‘ Scatter (s) ‘ Overall Factorization (s)
Compared Wlth SuperLU DIST’ Matrices SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup
RF_1 16.70 5.39 3.10 6.97 0.24 29.00 73.30 54.45 1.35 189.94  138.64 1.37
. . fem_filter 0.18 0.07 2.46 0.05 0.002 24.12 0.35 0.42 0.84 2.20 2.01 1.09
We achieve orders of magnitude femniteqcircuic 145 052 287 038 001 756 1ss 200 094 1183 1032 LI
RFdevice 0.21 0.08 2.57 0.11 0.003 35.00 1.76 1.64 1.07 3.83 3.56 1.08
light_in_tissue 0.03 0.01 2.34 0.01 0.0006 12.33 0.05 0.07 0.78 0.30 0.28 1.06
improvement in these critical Average : S - B2 S N BT
Platform 2 ‘ U Panel Factorization (s) ‘ Gather (s) ‘ Scatter (s) ‘ Overall Factorization (s)
data movement Component Matrices SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup
RF_1 9.82 3.90 2.52 1.67 0.08 21.45 29.82 27.41 1.09 73.16 61.32 1.19
RF_2 2.83 0.80 3.53 0.74 0.0001 7367 13.01 13.12 1 46.91 44.30 1.06
fem_filter 0.10 0.04 2.66 0.01 0.0006 23.89 0.16 0.21 0.75 1.18 1.15 1.02
fem_hifreq_circuit  0.68 0.22 3.00 0.13 0.0017 75.16 0.92 1.45 0.64 4.73 4.60 1.03
RFdevice 0.11 0.05 2.35 0.03 0.0008 32.83 0.64 0.60 1.07 1.86 1.72 1.08
1 1 light_in_tissue 0.02 0.01 2.62 0.002 0.0001 20 0.02 0.026 0.93 0.12 0.11 1.10
Overall runtime reduction can o : oo 00 LU 20098 O SN
exceed the Sum Of the reductions Platform 3 U Panel Factorization (s) ‘ Gather (s) Scatter (s) Overall Factorization (s)
Matrices SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup SuperLU Our work Speedup
. . RF_1 6.57 2.44 2.69 3.37 0.08 42.98 31.24 30.41 1.03 78.87 70.34 1.12
- fem_filter 0.17 0.05 3.53 0.03 0.0008 43.42 0.47 0.47 1.01 1.53 1.37 1.12
Z y
fem_hifreq_circuit  0.85 0.22 3.86 0.24 0.0002  120.00 1.87 1.47 1.27 6.61 5.12 1.29
RFdevice 0.23 0.05 4.26 0.07 0.0013 53.85 1.44 1.21 1.19 3.11 2.64 1.18
light_in_tissue 0.04 0.01 3.49 0.01 0.0004 16.00 0.09 0.09 1.00 0.32 0.29 1.10
bound Step' Average - - 3.57 - - 55.25 - - 1.10 - - 1.16
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This table shows our detailed performance results of the three critical memory related operations.

The maximum speedup appears in the Gather operation. As we actually eliminate the redundant data movement in this step. We use pointers dereference to access the data instead of copying. The effect of eliminating gather operations is most obvious for RF 2 matrix, as there are more data copy operations for its large number of non-zeros.

The U panel factorization stage shows an average 2.7×, 2.78×, and 3.57× speedup with a range of 2.34× to 4.26×. Treating the U block as matrices improves the parallelism and exposes data-reuse opportunities in the computation.

The Scatter phase takes a large portion of the total LU Factorization. Our method achieves up to 1.35×, 1.09×, and 1.27× speedup on 3 platforms. The speedup of this stage is not as significant as above stages and sometimes shows performance reduction. 
However, it does not mean that our method is inefficient. This stage consists of two-level indirect memory access, and we use a lightweight method to construct some helper data structures to mitigate the locality problems. The acceleration effects therefore can be influenced by the original data organization to a certain extent. The underlying data structure of SuperLU DIST partially hides the performance improvement of our approach.

Besides, in some cases shown in Table 3, the overall reduction in total time can exceed the sum of the reductions in time for each optimized memory-bound step. This corresponds to the better execution pipeline analyzed before, where our optimizations can also reduce MPI waiting time and further improve the total computation performance
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Conclusion
* We identify the performance bottleneck and application features of
RF circuit simulation
* We introduce a blocked sparse matrix format for efficiently
handling large-scale simulation matrices
* We comprehensively optimize the critical memory operations based
on our new format

* Our strategies improve both the data movement and computation

performance based on SuperLU DIST, and should work for others
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Thanks for your attention, Gracias!

And welcome to contact us by email or wechat.

mailto:gff.7@outlook.com
mailto:limingzhen@ict.ac.cn
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